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In this paper it is shown that the sum of class numbers of orders in complex cubic
ﬁelds obeys an asymptotic law similar to the prime numbers as the bound on the
regulators tends to inﬁnity. Here only orders are considered which are maximal at
two given primes. This result extends work of Sarnak in the real quadratic case. It
seems to be the ﬁrst asymptotic result on class numbers for number ﬁelds of degree
higher than two. # 2002 Elsevier Science (USA)0. INTRODUCTION
Let D be the set of all natural numbers D  0; 1 mod ð4Þ; D not a square.
For D 2 D let
OD ¼
xþ y
ﬃﬃﬃﬃ
D
p
2
x  yDmod ð2Þ
( )
:
Then OD is an order in the real quadratic ﬁeld Qð
ﬃﬃﬃﬃ
D
p
Þ. As D varies, OD runs
through the set of all orders of real quadratic ﬁelds. Let eD > 1 be the
fundamental unit of OD and let hðDÞ be the class number of OD (in the
narrower sense). Gau [4] noted that, as x > 0 tends to inﬁnity,
X
D2D
Dx
hðDÞ logðeDÞ ¼
p2x3=2
18zð3Þ
þ Oðx log xÞ:
This was conﬁrmed later by Siegel [13].
Note that log eD equals the regulator RðODÞ of the order OD. For a long
time it was believed to be impossible to separate the class number and the
regulator. However, in 1981 Sarnak showed [12], using the trace formula, thatX
D2D
eDx
hðDÞ ¼ liðx2Þ þ Oðx3=2ðlog xÞ2Þ;150
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liðxÞ ¼
Z 1
2
1
log t
dt
is the integral logarithm as it appears in the prime number theorem (modulo
the Riemann hypothesis). Let rðODÞ ¼ e2RðODÞ. Then Sarnak’s results can be
rewritten as
X
D 2D
rðODÞx
hðDÞ ¼ liðxÞ þ O
x3=4ðlog xÞ2
4
 	
:
Sarnak established this result by identifying the regulators with lengths of
closed geodesics of the modular curve H=SL2ðZÞ ([12, Theorem 3.1]) and by
using the geodesic prime number theorem for this Riemannian surface.
In this paper we consider the class numbers of orders in cubic ﬁelds. To
our knowledge, the following is the ﬁrst asymptotic result on class numbers
for number ﬁelds of higher degree.
A cubic ﬁeld is either totally real, or it has one real and two complex
embeddings. In the second case, we call it a complex cubic ﬁeld. Let p and q
be two distinct prime numbers and let Cðp; qÞ denote the set of all complex
cubic number ﬁelds F , in which neither p nor q is decomposed; i.e., a
complex cubic ﬁeld F lies in Cðp; qÞ if and only if there is only one prime of
F above p and only one above q. Next, let Oðp; qÞ be the set of all orders O
of ﬁelds in Cðp; qÞ, which are maximal at p and at q. Let hðOÞ denote the
class number of such an order O. Let lðOÞ be 1, if p and q are ramiﬁed in F ,
let it be 3 if only one of them is ramiﬁed and 9 if neither is ramiﬁed. For
x > 0 set
pp;qðxÞ ¼
X
O2Oðp;qÞ
rðOÞx
hðOÞlðOÞ;
where rðOÞ ¼ e3RðOÞ, and RðOÞ is the regulator of the order O. The main result
of this paper is
pp;qðxÞ 	
x
log x
as x tends to inﬁnity. More precisely, we have
pp;qðxÞ ¼ liðxÞ þ O
x3=4
log x
 	
:
ANTON DEITMAR152The same conclusion holds if the set fp; qg is replaced by an arbitrary ﬁnite
set of primes S with at least two elements. It is this latter version which we
give in the text.
This paper grew out of a conversation with Peter Sarnak, who urged me
to look for applications of the theory developed in [2]. I thank him warmly
for drawing my attention into this direction. I also thank Nigel Byott for
some useful discussions.
1. THE MAIN THEOREM
Let O be an order in a number ﬁeld F . Let IðOÞ be the set of all ﬁnitely
generated O-submodules of F . According to the Jordan–Zassenhaus
Theorem [11], the set of isomorphism classes ½IðOÞ of elements of IðOÞ is
ﬁnite. Let hðOÞ be the cardinality of the set ½IðOÞ, called the class number of
O.
The multiplicative group of invertible elements F  of F acts on IðOÞ by
multiplication: l:M ¼ lM ¼ Ml. Since M and Ml are isomorphic as O-
modules we get a map IðOÞ=F  ! ½IðOÞ mapping MF  to its class ½M . We
claim that this map is a bijection. It is clearly surjective. So let M and N be
elements in IðOÞ which are isomorphic. Fix an isomorphism T :M ! N .
Then T extends to an F -isomorphism TF : F ¼ FM ! FN ¼ F , so there is
a 2 F  such that TF is just multiplication by a. This implies the claim. It
follows that the class number hðOÞ equals the cardinality of IðOÞ=F .
The class number of the maximal order is also called the class number of
the ﬁeld. In general, the class number of O will be larger than that of F .
A number ﬁeld F of degree 3 over the rationals is also called a cubic field.
Consider the set of embeddings of a given cubic ﬁeld into C. This set has
three elements and is permuted by complex conjugation. It follows that
either all three embeddings are ﬁxed by complex conjugation, i.e., they are
real in which case the ﬁeld is called totally real or two of them are swapped
by complex conjugation and the third is ﬁxed, i.e., one is real and the other
two are complex, in which case the ﬁeld is called complex.
Let F be a complex cubic ﬁeld. Since the order of the automorphism
group of F divides the degree, which is 3, it is either 1 or 3. In the latter case
the extension would be galois, so the Galois group would act transitively on
the set of embeddings of F into the complex numbers. In particular, all
embeddings would be either real or complex. Since this is not the case it
follows that the automorphism group of a complex cubic ﬁeld is trivial.
Let F be a complex cubic ﬁeld and let O be an order of F . Then the group
of units satisﬁes
O ¼ eZ
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will be of the form eRðOÞ, where RðOÞ is the regulator of O (see [8]). Set
rðOÞ ¼ e3RðOÞ:
A prime number p is called non-decomposed in F if there is only one place in
F lying above p. Fix a ﬁnite set S of prime numbers with at least two
elements and let CðSÞ be the set of all complex cubic ﬁelds F such that all
primes p in S are non-decomposed in F . For F 2 CðSÞ let OF ðSÞ be the set of
all orders O in F which are maximal at all p 2 S, i.e., are such that the
completion Op ¼ OZ Zp is the maximal order of the ﬁeld Fp ¼ F Q Qp
for all p 2 S. Let OðSÞ be the union of all OF ðSÞ where F ranges over CðSÞ.
Let SiðF Þ be the set of all p 2 S such that p is inert in F . Deﬁne
lSðF Þ ¼ 3jSiðF Þj
¼
Y
p 2 S
fpðF Þ;
where fpðF Þ is the inertia degree of p in F . For an order O in F let
lSðOÞ ¼ lSðF Þ:
The following is our main theorem.
Theorem 1.1. For x > 0 let
pSðxÞ ¼
X
O2OðSÞ
rðOÞx
hðOÞlSðOÞ:
Then, as x!1 we have
pSðxÞ 	
x
log x
:
More sharply,
pSðxÞ ¼ liðxÞ þ O
x3=4
log x
 	
;
as x!1 where liðxÞ ¼
R1
2
1
log t dt is the integral logarithm as in the usual
prime number theorem.
As an immediate consequence we get the following corollary.
ANTON DEITMAR154Corollary 1.2. Let
*pSðxÞ ¼
X
O2OðSÞ
rðOÞx
hðOÞ;
then
lim sup
x!1
*pS ðxÞ log x
x
 1
and
lim inf
x!1
*pS ðxÞ log x
x

1
3jSj
:
Proof. For any O we have 1 lSðOÞ  3jSj, which implies the
corollary. ]
The theorem will be proved in the following sections.
To clarify the range of the theorem we note:
Proposition 1.3. For every complex cubic field F there are infinitely
many primes p which are non-decomposed in F . Every order O in F is maximal
at almost all primes p.
Proof. The second assertion is well known and so it simply remains to
prove the ﬁrst. Let F be a complex cubic ﬁeld. We will show that there are
inﬁnitely many primes p which are non-decomposed in F . Let E=Q be the
galois hull of F . Then GalðE=QÞ is the permutation group S3 in three letters.
Let s be the generator of GalðE=F Þ ﬃ Z=2Z and let p be a prime which is
unramiﬁed in E and such that there is a prime p1 of E over p with Frobenius
t of order 3. By the Tchebotarev density theorem there are inﬁnitely many
such p. Then the stabilizer of p1 in S3 is hti of order 3, so pOE ¼ p1p2, say.
As s does not stabilize p1, it interchanges p1 and p2, so p1 \ F ¼ p2 \ F is a
prime in OF , i.e., p is non-decomposed in F . ]
2. DIVISION ALGEBRAS OF PRIME DEGREE
Let d be a prime > 2. Let MðQÞ denote a division algebra of degree d over
Q. The dimension of MðQÞ is d2. Fix a maximal order MðZÞ  MðQÞ; for
any commutative ring with unit R we will write MðRÞ ¼ MðZÞ Z R.
Further, let MðRÞ denote the multiplicative group of invertible elements in
MðRÞ. We say that MðQÞ splits over a prime p if MðQpÞ is not a division
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(see [9]). Further, since there are no associative division algebras over the
reals of degree d it follows that MðRÞ ﬃMatd ðRÞ. For any ring R the
reduced norm induces a map det :MðRÞ ! R. Let GðRÞ ¼ fx 2 MðRÞj
detðxÞ ¼ 1g. Then G is a simple linear algebraic group over Z. Let
G ¼ GðRÞ; then G is isomorphic to SLdðRÞ. Let S be the set of places of Q
where MðQÞ does not split. The set S always is ﬁnite, has at least two
elements, and contains only ﬁnite places. For any prime p we have that
MðZpÞ is a maximal Zp-order of MðQpÞ.
Let F =Q be a ﬁnite ﬁeld extension which embeds into MðQÞ. By the
Skolem–Noether Theorem [11, Theorem 7.21], any two embeddings s1;
s2 : F ! MðQÞ are conjugate by MðQÞ
, i.e., there is a u 2 MðQÞ such that
s2ðxÞ ¼ us1ðxÞu1 for any x 2 F .
A prime p is called non-decomposed in the extension F =Q if there is only
one place v of F lying above p.
Lemma 2.1. Let F =Q be a non-trivial finite field extension. Then F
embeds into MðQÞ if and only if ½F :Q ¼ d and every prime p in S is non-
decomposed in F .
Proof. Assume that F embeds into MðQÞ; then ½F :Q divides d, which is
a prime, so that ½F :Q ¼ d. It follows that F is a maximal subﬁeld of MðQÞ.
By Proposition 13.3 in [9] it follows that F is a splitting ﬁeld of MðQÞ. Thus,
by Theorem 32.15 of [11] it follows that for every p 2 S and any place v of F
over p we have ½Fv :Qp ¼ d, which by the degree formula implies that there
is only one v over p. Conversely, assume that there is only one prime above
each p 2 S. Let p 2 S and let e be the ramiﬁcation index of p in F and f the
inertia degree. Then d ¼ ½F :Q ¼ ef ¼ ½Fv :Qp by the global, respectively,
local, degree formula. Since this holds for any p 2 S [11, Theorem 32.15]
implies that F is a splitting ﬁeld forMðQÞ. By Proposition 13.3 of [9] we infer
that F embeds into MðQÞ. ]
Let F =Q be a ﬁeld extension of degree d which embeds into MðQÞ. Then
for any embedding s : F ! MðQÞ the set
Os ¼ s1ðsðF Þ \MðZÞÞ
is an order of F . For p 2 S let vp denote the unique place of F over p.
Lemma 2.2. Let s : F ! MðQÞ be an embedding of the field F . For any
p 2 S the completion Os;vp is a maximal order in Fvp . Conversely, let O F be
an order such that for any p 2 S the completion Ovp is maximal. Then there is
an embedding s : F ! MðQÞ, such that O ¼ Os.
Proof. Let p 2 S; then MðZpÞ is a maximal Zp-order in the division
algebra MðQpÞ, and hence by Theorem 12.8 of [11] it coincides with the
ANTON DEITMAR156integral closure of Zp inMðQpÞ. Therefore Os;vp ¼ s
1ðsðFvp \MðZpÞÞ is the
integral closure of Zp in Fvp , which is the maximal order of Fvp .
For the converse, let O be an order of F such that the completion Ovp is
maximal for each p 2 S. Fix an embedding F+MðQÞ and consider F as a
subﬁeld of MðQÞ. For any u 2 MðQÞ let Ou ¼ F \ u1MðZÞu. We will show
that there is a u 2 MðQÞ such that O ¼ Ou. This will prove the proposition
since one can then take s to be the conjugation by u.
Let O1 ¼ F \MðZÞ. Since O and O1 are orders, they both are maximal at
all but ﬁnitely many places. So there is a ﬁnite set of primes T with T \ S ¼
| and such that with TF denoting the set of places of F lying over T we have
that for any place v of F with v =2 TF the completion Ov is maximal and equals
O1;v. Let p 2 T and ﬁx an isomorphism MðQpÞ !MatdðQpÞ. Fix a Zp-basis
of OZ Zp. This basis then induces an embedding sp : F Q Qp !
Matd ðQpÞ ¼ MðQpÞ, such that
s1p ðspðF QpÞ \Matd ðZpÞÞ ¼ O Zp:
By the Noether–Skolem Theorem [11, 7.21] there is a *up 2 MðQ

p Þ such that
O Zp ¼ Fp \ *u1p MðZpÞ *up. For p =2 T set *up ¼ 1 and let *u ¼ ð *upÞ 2 M
ðAfinÞ, where Afin is the ring of the ﬁnite adeles over Q, i.e., the restricted
product over the local ﬁelds Qp, where p ranges over the primes. By strong
approximationMðQÞ is dense inMðAfinÞ and so there is u 2 MðQÞ
 such that
Mð #ZÞu ¼ Mð #ZÞ *u, where #Z ¼
Q
p Zp. It follows that O ¼ Ou for this u. ]
Let F be a ﬁeld extension ofQ of degree d which embeds intoMðQÞ. Let O
be an order of F , which is maximal at each place in S. By Lemma 2.2 we
know that there is an embedding s of F into MðQÞ such that O ¼ Os. Let
u 2 MðZÞ and let us ¼ usu1. Then Ous ¼ Os, so the group MðZÞ
 acts on
the set SðOÞ of all s with O ¼ Os.
Lemma 2.3. The quotient SðOÞ=MðZÞ is finite and has cardinality equal
to the product hðOÞlSðOÞ.
Proof. Fix an embedding F ! MðQÞ and consider F as a subﬁeld of
MðQÞ such that O ¼ F \MðZÞ. For u 2 MðQÞ let
Ou ¼ F \ u1MðZÞu:
Let U be the set of all u 2 MðQÞ such that
O ¼ F \MðZÞ ¼ F \ u1MðZÞu:
Then F  acts on U by multiplication from the right and MðZÞ acts by
multiplication from the left. It is clear that
jMðZÞ=U=F j ¼ jMðZÞ=SðOÞj:
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u 2 U let
Iu ¼ F \MðZÞu:
Then Iu is a ﬁnitely generated O-module in F . We claim that the map C :
MðZÞ =U=F  ! IðOÞ=F 
u/Iu;
is surjective and lSðOÞ to one. We will show this through localization and
strong approximation. So, for a prime p let Up be the set of all up 2 MðQpÞ

such that Op ¼ Fp \MðZpÞ ¼ Fp \ u1p MðZpÞup. We have to show the
following:
1. For p =2 S the localized map Cp :MðZpÞ
=Up=F p ! IðOpÞ=F

p is
injective.
2. For p 2 S the map Cp is fpðF Þ to one.
3. The map C is surjective.
For condition 1 let p =2 S, let up; vp 2 Up, and assume
Fp \MðZpÞup ¼ Fp \MðZpÞvp:
Let zp ¼ vpu1p . Elementary divisor theory implies that there are x; y 2 M 
ðZpÞ
 ¼MatdðZpÞ
 such that
zp ¼ x diagðpk1 ; . . . ;pkd Þy;
where diag denotes the diagonal matrix and k1  k2      kd are
integers. Replacing up by yup and vp by x1vp we may assume that z
equals the diagonal matrix. The assumptions then easily imply
k1 ¼    ¼ kd ¼ 0, which gives the ﬁrst claim.
For condition 2 let p 2 S and recall that Fp is a local ﬁeld and so
hðOpÞ ¼ 1. So the claim is equivalent to
jMðZpÞ
=MðQpÞ
=F p j ¼ fpðF Þ:
By Proposition 17.7 of [9] it follows that
jMðZpÞ
=MðQpÞ
j ¼ d ¼ eðMðQpÞ=QpÞ;
where e denotes the ramiﬁcation index. If Fp=Qp is ramiﬁed, then fpðF Þ ¼ 1
and jMðZpÞ
=MðQpÞ
=F p j ¼ 1. If Fp=Qp is unramiﬁed, then fpðF Þ ¼ d and
jMðZpÞ
=MðQpÞ
=F p j ¼ d as claimed.
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a u 2 MðQÞ such that
F \ u1MðZÞu ¼ F \MðZÞ
and
I ¼ Iu ¼ F \MðZÞu:
We shall do this locally. First note that, since I is ﬁnitely generated, there is a
ﬁnite set of primes T with T \ S ¼ | such that for any p =2 T [ S the
completion Ip equals Op which is the maximal order of Fp. For these p set
*up ¼ 1.
Next let p 2 S. Let vp be the unique place of F over p. Then Op ¼ Ovp is
maximal, so it is the valuation ring to vp and Ip ¼ pkpOp for some k  0,
where pp is a uniformizing element in Op. It follows that at this p, the
element *up ¼ pkp Id will do the job.
Next let p 2 T . Then MðZpÞ ¼MatdðZpÞ. Let Op ¼ Op=pOp and
Ip ¼ Ip=pIp. Then Op is a commutative algebra over the ﬁeld Fp with p
elements, which implies that Op ﬃsi¼1Fi, where each Fi is a ﬁnite ﬁeld
extension of Fp. Let ni be the degree of Fi=Fp. Then there is an embedd-
ing Op+MatdðFpÞ whose image lies in Matn1ðFpÞ     
MatnsðFpÞ Matd ðFpÞ. According to the Noether–Skolem Theorem there
is a %S 2 GLdðFpÞ such that %S Op %S
1
Matn1 ðFpÞ     Matns ðFpÞ 
Matd ðFpÞ. The Op-ideal Ip must be of the form
Ip ¼
s
i1
eiFi;
where ei 2 f0; 1g. Let S be a matrix in GLd ðZpÞ which reduces to %S modulo p
and let *up ¼ S1ðpe1 Idn1      p
es Idns ÞS in Matd ðZpÞ. By abuse of
notation we also write *up for its reduction modulo p. Then we have
Ip ¼ Op \Matd ðFpÞ *up:
Let
I *up ¼ F \MðZpÞ *up:
Then it follows that
Ip ﬃ I *up ¼ I *up=pI *up
and by Theorem 18.6 of [11] it follows that Ip ﬃ I *up , which implies that
there is some l 2 Fp such that Ip ¼ I *upl. Replacing *up by *upl and setting
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I ¼ F \MðZÞ *u:
By strong approximation there is a u 2 MðQÞ such that Mð #ZÞu ¼ Mð #ZÞ *u
and therefore I ¼ Iu. ]
We will summarize the results of this section in the following proposition.
Proposition 2.4. Let d be a prime > 2 and let F =Q be an extension of
degree d. Then F embeds into the division algebra MðQÞ of degree d if and only
if every prime p at which MðQÞ does not split is non-decomposed in F . Every
embedding s : F ! MðQÞ gives by intersection with MðZÞ an order Os in F .
Every order O of F , which is maximal at each p where MðQÞ is non-split,
occurs in this way. The number of MðZÞ-conjugacy classes of embeddings
giving rise to the same order O is equal to hðOÞlSðOÞ.
3. ANALYSIS OF THE RUELLE-ZETA FUNCTION
From now on we restrict to the case d ¼ 3. Let G ¼ GðZÞ; then G forms a
discrete subgroup of G ¼ GðRÞ ﬃ SL3ðRÞ. Since MðQÞ is a division algebra
it follows that G is anisotropic over Q and so G is cocompact in G. Let g0 be
the real Lie algebra of G and let g ¼ g0 R C be its complexiﬁcation. A
subgroup S of G is called weakly neat if it is torsion-free and for each s 2 S
the adjoint AdðsÞ 2 GLðgÞ does not have a root of unity except 1 as an
eigenvalue. In other words, a torsion-free group S is weakly neat if for every
s 2 S and every n 2 N the connected component G0s of the centralizer of s
coincides with the connected component G0sn of the centralizer of s
n. Further
an element x of G is called regular if its centralizer is a torus.
Lemma 3.1. The group G is torsion-free and every g 2 G with g=1 is
regular. In particular, it follows that G is weakly neat.
Proof. Let g 2 G; g=1; then the centralizer MðQÞg of g in MðQÞ is a
division subalgebra of MðQÞ and so it is either Q, a cubic number ﬁeld or
MðQÞ. It cannot be Q since it contains g and if g is in Q, it is central so its
centralizer is MðQÞ. It can neither be MðQÞ, since then g would be in Q1, say
g ¼ r1 and then 1 ¼ detðgÞ ¼ r3, thus g ¼ 1 which was excluded. So it
follows that MðQÞg is a cubic ﬁeld F . Note that this implies that g cannot be
a root of unity, since a cubic ﬁeld does not contain roots of unity other than
1. This shows that G is torsion-free. Moreover, we get MðRÞg ¼
MðQÞgQ R so Gg ¼ ðF  RÞ
1, the norm one elements, this is a torus, so
g is regular. ]
ANTON DEITMAR160We have g0 ¼ sl3ðRÞ and g ¼ sl3ðCÞ. Let b be the Killing form on g. Then
bðX ; Y Þ ¼ tr adðX Þ adðY Þ ¼ 6 trðXY Þ:
Let K  G be the maximal compact subgroup SOð3Þ. Let k0  g0 be its Lie
algebra and let p0  g0 be the orthogonal space of k0 with respect to the
form b. Then b is positive deﬁnite on p0 and thus deﬁnes a G-invariant
metric on X ¼ G=K, the symmetric space attached to G.
Since G is torsion-free it acts without ﬁxed points on the contractible
space X , so XG ¼ G=X is the classifying space of G, in particular, it follows
that G is the fundamental group of XG. We thus obtain a natural bijection
free homotopy classes
of maps S1 ! XG
( )
$
conjugacy classes
½g in G
( )
:
For each conjugacy class ½g let Xg denote the union of all geodesics lying in
the homotopy class ½g of g. It is known [3] that all geodesics in ½g have the
same length lg and Xg is a submanifold of XG diﬀeomorphic to Gg=Gg=Kg,
where Gg and Gg are the centralizers of g and Kg is a maximal compact
subgroup of Gg.
An element g 2 G is called primitive if for s 2 G and n 2 N the
equation sn ¼ g implies that n ¼ 1. Since every closed geodesic is a positive
power of a unique primitive one it is easy to see that every g 2 G with g=1 is
a positive power of a unique primitive element g0. We write g ¼ g
mðgÞ
0 and call
mðgÞ the multiplicity of g. Clearly, primitivity is a property of the conjugacy
class.
Up to conjugacy the group G has two Cartan subgroups, namely the
group of diagonal matrices and the group H ¼ AB, where
A ¼
a
a
a2
0
B@
1
CA
a > 0
8><
>:
9>=
>;
and
B ¼
SOð2Þ
1
 !
:
Let P denote the parabolic
* *
0 0 *
 !
:
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subgroup of
M ﬃ SL2 ðRÞ ¼ fx 2Mat2ðRÞjdetðxÞ ¼ 1g:
Let
H1 ¼
1
6
1
1
2
0
B@
1
CA 2 a0 ¼ Lie A:
Then it follows that bðH1Þ ¼ bðH1;H1Þ ¼ 1. Let A ¼ fexpðtH1Þjt > 0g and let
EP ðGÞ be the set of all conjugacy classes ½g in G such that g is conjugate in G
to an element agbg of AB, and let E
p
P ðGÞ the set of all primitive elements
therein. For s 2 C with ReðsÞc0 let
RGðsÞ ¼
Y
½g2EpP ðGÞ
ð1 eslg Þ
be the Ruelle-zeta function attached to P . In [2] it is shown that RGðsÞ
converges for ReðsÞc0 and that it extends to a meromorphic function of
ﬁnite order on the plane. We will show:
Theorem 3.2. The function RGðsÞ has a simple zero at s ¼ 1.
Apart from that, all poles and zeros of RGðsÞ are contained in the union of
the interval ½1; 3
4
 with the three vertical lines given by 1
2
þ iR; iR and
1
2
þ iR.
Proof. For any ﬁnite-dimensional representation s of M let
ZP ;sðsÞ ¼
Y
½g2EpP ðGÞ
Y
n0
detð1 eslgsðbgÞSnðagbgjnÞÞ;
where n ¼ LieCðN Þ and SnðagbgjnÞ is the nth symmetric power of the adjoint
action of agbg on n. In [2, Theorem 2.1] it is shown that ZP ;s extends to a
meromorphic function and that all its poles and zeros lie in R[ ð1
2
þ iRÞ.
Note that M is isomorphic with SL2 ðRÞ, the group of real 2 2 matrices of
determinant 1. Let s0 :M ! GL2 denote the standard representation. In
[2, Theorem 4.1] it is shown that
RGðsÞ ¼
ZP ;1ðsÞZP ;1ðsþ 1Þ
ZP ;s0 ðsþ
1
2
Þ
:
So to complete the proof, it suﬃces to show the following proposition.
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3
4
 [
ð1
2
þ iRÞ [ f0; 1g and the function ZP ;sðsÞ has a simple zero at s ¼ 1.
For s ¼ s0 the poles and zeros of ZP ;s all lie in ½0; 1 [ ð12þ iRÞ.
Proof. Let #G denote the set of all isomorphism classes of irreducible
unitary representations of G. The group G acts on the Hilbert space L2ðG=GÞ
by translations from the right. Since G=G is compact this representation
decomposes discretely:
L2ðG=GÞ ¼
p2 #G
NGðpÞp
with ﬁnite multiplicities NGðpÞ. For p 2 #G let pK denote the ðg;KÞ-module
of K-ﬁnite vectors in p. Then the Lie algebra n acts on pK and we
denote by Hqðn;pK Þ the corresponding Lie algebra cohomology [1].
Let m denote the complexiﬁed Lie algebra of M and let m ¼ kMpM be
its polar decomposition, where kM is the complexiﬁed Lie algebra of
KM ¼ K \M .
In [2, Theorem 2.1] it is shown that all poles and zeros of ZP ;s lie in
R[ ð1
2
þ iRÞ and that for l 2 a* the (vanishing-) order of ZP ;s at s ¼ lðH1Þ isX
p2 #G
NGðpÞ
X
p;q0
ð1Þpþq dimðHqðn;pKÞ ^ppM  V &sÞ
KM
l ;
where ð:Þl denotes the generalized l-eigenspace. Note that the torus A acts
trivially on all tensor factors except Hqðn;pK Þ. Let p 2 #G and let^p 2 h* be
a representative of its inﬁnitesimal character. Corollary 3.23 of [5] says that
every character of the a-action on Hqðn; pKÞ is of the form m ¼ w^p þrP for
some w 2 W ðg; hÞ.
To show the proposition we concentrate on s being trivial since the other
case is similar. Since rðH1Þ ¼ 12 we have to show that for every p which has
a non-zero contribution, all eigenvalues l of a on Hpðn;pkÞ satisfy
3
2
rP  ReðlÞ  
1
2
. By the isomorphism of AM-modules [5, p. 57]:
Hpðn; pKÞ ﬃ H2pðn;pK Þ ^2n
this becomes equivalent to 1
2
 ReðlÞ  3
2
rP whenever l is an eigenvalue of a
on Hpðn;pK Þ. Now ﬁx p 2 #G and let p 2 h* be a representative of its
inﬁnitesimal character. Then, according to Corollary 3.32 of [5] we have to
show that 1
2
rP  ReðpjaÞ 
1
2
rP .
In the case when p is induced from the minimal parabolic it follows that
its distributional character Yp is zero on AB. By the construction of the test
function in [2, p. 903], this implies that the contribution of p is zero.
Therefore, by the classiﬁcation of the unitary dual in [14], it remains to
consider the case of the trivial representation and the case when p is unitarily
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imaginary. Then we may assume that x is not induced, since otherwise the
double induction formula would lead us back to the previous case. Let
w 2 W and x be the inﬁnitesimal character of x. We lift x to d by deﬁning
it to be zero on a. Then the Weyl group W will act on x. We have to show
that
1
2
rP  ReðwxjaÞ 
1
2
rP :
Let us start with x being the trivial representation. Then
x
t
t
 !
¼ t:
Lifting x to d we get
x
a
b
c
0
B@
1
CA ¼ 12ða bÞ:
This vanishes on A, so its real part is zero. This deals with the case when
w ¼ 1. For w 2 W being the transposition interchanging b and c we get
wx
a
b
c
0
B@
1
CA ¼ 12ða cÞ;
which, restricted to a, coincides with 1
2
r. This implies the claim for this w. All
other Weyl group elements are treated similarly.
It remains to consider the case when x is a (limit of) discrete series
representation, so x ¼ DþnDn , where the notation is as in [7]. Let t 2 #KM
and let Pt : Vx ! VxðtÞ be the projection onto the t-isotype. For any function
f on G which is suﬃciently smooth and of suﬃcient decay the operator pðf Þ
is of trace class. Its trace is
X
t2 #KM
Z
K
Z
man
anþrf ðk1 man kÞ tr PtxðmÞPt d man dk:
Plugging in the test function f ¼ F constructed in [2, p. 903], this givesZ
Aþ
anþrljþ1a e
sla tr xðf1Þ da;
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representation. Then
tr xðf1Þ ¼
Xdim pM
p¼0
ð1Þp dim Vx
p^
pM
 !KM
:
Now KM ﬃ Oð2Þ and the KM -types can be computed explicitly. Thus, one
sees that tr xðf1Þ can only be non-zero if n ¼ 1 or 2. This means that either
x
t
t
 !
¼ 0 or t;
respectively, which, in a similar way to the above, implies the claim. In the
case s ¼ s0 the function f1 is replaced by fs0 and one proceeds in the same
fashion. This takes care of all induced representations. By the classiﬁcation
of the unitary dual of GL3ðRÞ in [14] it follows that it remains to worry
about the trivial representation only, so let p ¼ triv be the trivial
representation of G; then the space H0ðn; pKÞ ¼ pK=npK is one dimensional
with trivial a-action. This gives a simple zero at s ¼ 1. ]
4. ASYMPTOTICS OF CLOSED GEODESICS
For g 2 G let N ðgÞ ¼ elg and deﬁne for x > 0:
pðxÞ ¼ #f½g 2 EpP ðGÞjN ðgÞ  xg:
The geodesic prime number theorem in our context is
Theorem 4.1. For x!1 we have the asymptotic
pðxÞ 	
x
log x
:
More sharply, we have that
pðxÞ ¼ liðxÞ þ O
x3=4
log x
 	
as x!1 where liðxÞ ¼
R1
2
1
log t dt is the integral logarithm.
Proof. To simplify the notation, in what follows, we write g for an
element of EP ðGÞ and g0 for a primitive element. If g and g0 occur in the same
formula it is understood that g0 will be the primitive element underlying
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let
cðxÞ ¼
X
NðgÞx
lg0 :
For ReðsÞ > 1 we have
R0G
RG
ðsÞ ¼
X
g0
lg0e
slg0
1 eslg0
¼
X
g0
lg0
X1
n¼1
esnlg0
¼
X
g
lg0e
slg :
From this point on the argumentation is, up to minor changes, the same
as in [10], which leads to
cðxÞ ¼ xþ Oðx3=4Þ:
From this, the theorem is deduced by standard techniques [10] of analytic
number theory. ]
We now ﬁnish the proof of the Main Theorem 1.1. For this we have to
ﬁnd a division algebra MðQÞ such that for a given set of primes S with at
least two elements we have pSðxÞ ¼ pðxÞ. Firstly, there is a division algebra
MðQÞ of degree 3 such that the set of places at which MðQÞ is non-split,
coincides with the set S. This algebra is obtained by taking the local Brauer-
invariants at p 2 S to be equal to 1
3
or 2
3
and zero everywhere else in such a
way that they sum to zero in Q=Z ([9, Theorem 18.5]). Next, we have a
bijection
EP ðGÞ ! OðSÞ
given by
½g/Fg \MðZÞ;
where Fg is the centralizer of g in MðQÞ. Under this bijection the length lg is
transferred to log rðOÞ. The theorem follows. ]
ANTON DEITMAR166Corollary 4.2. We finally note that for MðQÞ chosen as above the
Ruelle-zeta function of Theorem 3.2 takes the form
RGðs=3Þ ¼
Y
O2OðSÞ
ð1 esRðOÞÞhðOÞlS ðOÞ:
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